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5

Time-Varying Rates of Return and the Yield Curve

When Annualized Rates of Return Vary by Term

In this chapter, we will make the world a little more complex and a lot more realistic,
although we will still assume perfect foresight and perfect markets. The only assumption
that we will now abandon is that rates of return per unit of time are the same no matter
what the investment time horizon (the term) is. In the previous chapters, the interest
rate was the same every period — for example, if a 30-year bond offered an interest rate
of 5% per annum, so did a 1-year bond. But this is not the case in the real world. Rates
of return usually vary with the length of time an investment requires.
The U.S. Treasury Department Resource Center informs you of this fact every day. For
example, on Dec 31, 2021, a U.S. Treasury paid 0.39% per annum for a payment to
be delivered in one year (Dec 31, 2022), but 1.90% per annum for a payment to be
delivered in 30 years (Dec 31, 2051):

In Percent Per Annum
1mo 3mo 6mo 1yr 2yr 3yr 5yr 7yr 10yr 20yr 30yr

12/31/2021 0.06 0.06 0.19 0.39 0.73 0.97 1.26 1.44 1.52 1.94 1.90
Is this stuff that just bond traders need to know? Not at all. In fact, this stuff matters
to you personally. Have you ever wondered why your bank’s three-month Certificate

ä CD,
§ 2.4, Pg.22.

of Deposit (CD) offered only 0.30-0.40% per annum (which it did on this day), while
its five-year CD offered 1.1-1.3% per annum? Which should you choose? Why? And
how does inflation matter (which just shot up to a 40-year high of 8% per year in early
2022)?
CEOs must also know how to compare what they should have to pay when their investors
are willing to give them money for a project that promises returns in 1 year vs. returns in
30 years or many times in between. If the U.S. Treasury and banks have to offer higher
rates for lengthier investment return periods, surely so do firms!
In this chapter, you will learn how to work with time-dependent rates of return and
inflation. In addition, this chapter contains an (optional) section that explains the U.S.
Treasury yield curve.

1

https://www.treasury.gov/resource-center/data-chart-center/interest-rates/Pages/TextView.aspx?data=yield
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2 Chapter 5: Time-Varying Rates of Return and the Yield Curve

5.1 Working with Time-Varying Rates of Return

In the real world, rates of return usually differ depending on when the payments are
Interest rates can differ

based on the length of the

commitment.

made. For example, the interest rate next year could be higher or lower than it is
this year. Moreover, it is often the case that long-term bonds offer different interest
rates than short-term bonds. You must be able to work in such an environment, so
let me give you the tools.

Compounding Different Rates of Return

Fortunately, when working with time-varying interest rates, all the tools you have
A compounding example with

time-dependent rates of

return.

learned in previous chapters remain applicable (as promised). In particular, com-
pounding still works exactly the same way. For example, what is the two-year holding
rate of return if the rate of return is 20% in the first year and 30% in the second
year? (The latter is sometimes called the reinvestment rate.) You can determine the
two-year holding rate of return from the two 1-year rates of return using the same
compounding formula as before:

(1 + r0,2) = (1 + 20%) · (1 + 30%) = (1 + 56%)
(1 + r0,1) · (1 + r1,2) = (1 + r0,2)

Subtract 1, and the answer is a total two-year holding rate of return of 56%. If you
prefer it shorter,

r0,2 = 1.20 · 1.30 – 1 = 1.56 – 1 = 56%

The calculation is not conceptually more difficult, but the notation is. You have to
subscript not just the interest rates that begin now, but also the interest rates that
begin in the future. Therefore, most of the examples in this chapter must use two
subscripts: one for the time when the money is deposited, and one for the time
when the money is returned. Thus, r1,2 describes an interest rate from time 1 to
time 2. Aside from this extra notation, the compounding formula is still the very
same multiplicative “one-plus formula” for each interest rate (subtracting 1 at the
end).

You can also compound to determine holding rates of return in the future. For
The general formula for

compounding over many

periods.

example, if the 1-year rate of return is 30% from year 1 to year 2, 40% from year 2
to year 3, and 50% from year 3 to year 4, then what is your holding rate of return
for an investment beginning next year for three years? It is

Given: r1,2 = 30% r2,3 = 40% r3,4 = 50%
(1 + r1,4) = (1 + 30%) · (1 + 40%) · (1 + 50%) = (1 + 173%)

(1 + r1,2) · (1 + r2,3) · (1 + r3,4) = (1 + r1,4)
Subtracting 1, you see that the three-year holding rate of return for an investment
that takes money next year (not today!) and returns money in 4 years (appropriately
called r1,4) is 173%. Let’s be clear about the timing. For example, say it was midnight
of December 31, 2021, right now. This would be year 0 (i.e., time 0). Time 1 would
be midnight December 31, 2022, and this is when you would invest your $1. Three
years later, on midnight December 31, 2025 (time 4), you would receive your original
dollar plus an additional $1.73, for a total return of $2.73. Interest rates that begin
right now — where the first subscript would be 0 — are usually called spot rates.
Interest rates that begin in the future are usually called forward rates.
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5.1. Working with Time-Varying Rates of Return 3

Q 5.1. If the first-year interest rate is 2% and the second year interest rate is 3%,
what is the two-year total holding rate of return?
Q 5.2. Although a two-year project had returned 22% in its first year, overall it lost
half of its value. What was the project’s rate of return after the first year?
Q 5.3. From the closing of December 31, 2016 to December 31, 2021, Vanguard’s
S&P 500 mimicking fund VFIAX returned the following annual rates of return:

2016 2017 2018 2019 2020 2021
11.9% 21.8% –4.4% 31.5% 18.4% 28.7%

What was the rate of return over the first 3 years, and what was it over the second 3
years? What was the rate of return over the whole 6 years? Was the realized rate of
return time-varying?
Q 5.4. A project lost one-third of its value the first year, then gained fifty percent of
its value, then lost two-thirds of its value, and finally doubled in value. What was the
average rate of return? What was the investment’s overall four-year rate of return? If
one is positive, is the other, too?

Annualized Rates of Return

Time-varying rates of return create a new complication that is best explained by an
Per-unit standard measures

are statistics that are

conceptual aids.

analogy. Is a car that travels 163,680 yards in 93 minutes fast or slow? It is not easy
to say, because you are used to thinking in “miles per sixty minutes,” not in “yards
per ninety-three minutes.” It makes sense to translate speeds into miles per hour
for the purpose of comparing them. You can even do this for sprinters, who run for
only 10 seconds. Speeds are just a standard measure of the rate of accumulation of
distance per unit of time.

The same issue applies to rates of return: A rate of return of 58.6% over 8.32 years
A per-unit standard for

rates of return: annualized

rates.

is not as easy to compare to other rates of return as a rate of return per year. Therefore,
most rates of return are quoted as annualized rates. The average annualized rate
of return is just a convenient unit of measurement for the rate at which money
accumulates — a “sort-of-average” measure of performance. Of course, when you
compute such an annualized rate of return, you do not mean that the investment
earned the same annualized rate of return of, say, 5.7% each year — just as the car
need not have traveled at 60 mph (163,680 yards in 93 minutes) each instant.

If you were earning a total three-year holding rate of return of 173% over the
Return to our example: You

want to annualize our

three-year total holding

rate of return.

three-year period, what would your annualized rate of return be? The answer is not
the average rate of return of 173%/3 ≈ 57.7%, because if you earned 57.7% per
year, you would have ended up with 1.5773 – 1 ≈ 292%, not 173%. This incorrect
answer of 57.7% ignores the compounded interest on the interest that you would earn
after the first and second years. Instead, to compute the annualized rate of return,
you need to find a single hypothetical annual rate of return that, if you received it
each and every year, would give you a three-year holding rate of return of 173%.

https://finance.yahoo.com/quote/%5EGSPC/
https://investor.vanguard.com/mutual-funds/profile/performance/vfiax/cumulative-returns
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4 Chapter 5: Time-Varying Rates of Return and the Yield Curve

How can you compute this? Call this hypothetical annual rate that you would have
To find the t-year

annualized interest rate,

take the t-th root of the

total return (t is number of
years).

to earn each year for three years r3 (note the bar above the 3 to denote annualized) in
order to end up with a holding rate of return of 173%. To find r3, solve the equation

(1 + r3) · (1 + r3) · (1 + r3) = (1 + 173%)
(1 + r3) · (1 + r3) · (1 + r3) = (1 + r0,3)

or, for short,
(1 + r3)

3 = (1 + 173%)
(1 + rt)

t = (1 + r0,t)

In our example, the holding rate of return r0,3 is known (173%) and the annualized
rate of return r3 is unknown. Earning the same rate (r3) three years in a row should
result in a holding rate of return of 173%. It is a “smoothed-out” rate of return of the
three years’ rates of return. Think of it as a hypothetical, single, constant-speed rate
at which your money would have ended up at the same 173% as it did with the three
consecutive actual rates of return of 30%, 40%, and 50%. The correct solution for r3
is obtained by computing the third root of 1 plus the total holding rate of return:

ä Math Background,
§ A, Pg.705.

(1 + r3) = (1 + 173%)( 1
/
3 ) = 3√1 + 173% ≈ 1 + 39.76%

(1 + r0,t)(1/t) = t
√
1 + r0,t = (1 + rt)

Confirm with your calculator that r3 ≈ 39.76%,

1.3976 · 1.3976 · 1.3976 ≈ (1 + 173%)
(1 + r3) · (1 + r3) · (1 + r3) = (1 + r0,3)

In sum, if you invested money at a rate of 39.76% per annum for 3 years, you would
end up with a total three-year holding rate of return of 173%. As is the case here,
for very long periods, the order of magnitude of the annualized rate will often be
so different from the holding rate that you will intuitively and immediately register
whether the quantity r0,3 or r3 is meant. In the real world, very few rates of return,
especially over long horizons, are quoted as holding rates of return. Almost all rates
are quoted in annualized terms instead.

Im
p
o
rt
a
n
t

The total holding rate of return over t years, called r0,t, is translated into an annualized rate of
return, called rt, by taking the t-th root:

(1 + rt) =
t
√
1 + r0,t = (1 + r0,t)1/t

Compounding the annualized rate of return over t years yields the total holding rate of return.

You also will often need to compute annualized rates of return from payoffs on
Translating long-term dollar

returns into annualized

rates of return.

your own. For example, what annualized rate of return would you expect from a
$100 investment today that promises a return of $240 in 30 years? The first step is
computing the total holding rate of return. Take the ending value ($240) minus your
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5.1. Working with Time-Varying Rates of Return 5

beginning value ($100), and divide by the beginning value. Thus, the total 30-year
holding rate of return is

r0,30 =
$240 – $100

$100
= 140%

r0,30 =
C30 – C0

C0
The annualized rate of return is the rate r30, which, if compounded for 30 years,
offers a 140% rate of return,

(1 + r30)
30 = (1 + 140%)

(1 + rt)
t = (1 + r0,t)

Solve this by taking the 30th root,

(1 + r30) = (1 + 140%)1/30 = 30√1 + 140% ≈ 1 + 2.96%
(1 + rt) = (1 + r0,t)1/t = t

√
1 + r0,t

Subtracting 1, you see that a return of $240 in 30 years for an initial $100 investment
is equivalent to a 2.96% annualized rate of return.

In the context of rates of return, compounding is similar to adding, while an-
Compounding ≈ adding.

Annualizing ≈ averaging.nualizing is similar to averaging. If you earn 1% twice, your compounded rate is
2.01%, similar to the rates themselves added (2%). In contrast, your annualized rate
of return is 1%, similar to the average rate of return of 2.01%/2 = 1.005%. The
difference comes from the interest on the interest.

Now assume that you have an investment that doubles in value in the first year
Averaging can lead to

surprising results — returns

that are much higher than

what you earned per year.

and then falls back to its original value. What would its average rate of return be?
Doubling from, say, $100 to $200 is a rate of return of +100%. Falling back to $100
is a rate of return of ($100 – $200)/$200 = –50%. Therefore, the average rate of
return would be [+100%+ (–50%)]/2 = +25%.

But you have not made any money! You started with $100 and ended up with $100.

Look how deceptive!

If you compound the returns, you get the answer of 0% that you were intuitively
expecting:

(1 + 100%) · (1 – 50%) = 1 + 0% ⇒ r0,2 = 0%
(1 + r0,1) · (1 + r1,2) = (1 + r0,2)

It follows that the annualized rate of return r2 is also 0%. Conversely, an investment
that produces +20% followed by –20% has an average rate of return of 0% but leaves
you with a loss:

(1 + 20%) · (1 – 20%) = (1 – 4%) ⇒ r0,2 = –4%
(1 + r0,1) · (1 + r1,2) = (1 + r0,2)

For every $100 of your original investment, you now have only $96. The average rate
of return of 0% does not reflect this loss. Both the compounded and therefore the
annualized rates of return do tell you that you had a loss:

1 + r2 =
√
(1 + r0,2) =

√
1 – 4% = 1 – 2.02%⇒ r2 ≈ –2.02%

If you were an investment advisor and quoting your historical performance, would
you rather quote your average historical rate of return or your annualized rate of
return? (Hint: The industry standard is to quote the average rate of return, not the
annualized rate of return!)

ä More about how arithmetic
returns are “too high” in

normally-distributed stock
returns,

Pg.156.
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6 Chapter 5: Time-Varying Rates of Return and the Yield Curve

Make sure to solve the following questions to gain more experience with com-
Do it! pounding and annualizing over different time horizons.

Q 5.5. If you earn a rate of return of 5% over 4 months, what is the annualized rate
of return?
Q 5.6. Assume that the two-year holding rate of return is 40%. The average (arith-
metic) rate of return is therefore 20% per year. What is the annualized (geometric)
rate of return? Is the annualized rate the same as the average rate?
Q 5.7. Is the compounded rate of return higher or lower than the sum of the individual
rates of return? Is the annualized rate of return higher or lower than the average of
the individual rates of return? Why?
Q 5.8. Return to Question 5.3. What was the annualized rate of return on the VFIAX
(S&P 500) over the six years in the table?
Q 5.9. If the total holding interest rate is 50% for a five-year investment, what is the
annualized rate of return?
Q 5.10. If the per-year interest rate is 10% for each of the next 5 years, what is the
annualized five-year rate of return?

Matury, Duration, and Project Length

We sometimes need summary statistics of how long a project (such as a bond) will
last. The maturity is the simplest measure: the date of the very last payment.

However, you would probably not consider one project that pays $1 million in one
Duration is a better

measure of length of

involvement than the final

date.

year and another $1 million in 30 years to be equally long-term as a project that pays
only $2 million in 30 years — even though both have a 30 year maturity. Instead, the
former seems more “like a 15-year project,”the latter more “like a 30-year project.”
The duration measures this concept via the payment-weighted average of all “payout
times.” This is easier to show than it is to verbalize. In the case of our former project
with the two $1-million payments, the total sum of all payments is $2 million. Its
duration is

Duration =
(
$1
$2

)
· 1 +

(
$0
$2

)
· 2 + . . . +

(
$0
$2

)
· 29 +

(
$1
$2

)
· 30 = 15.5 years

=
∑
t

[(
Ct∑
s Cs

)
· t

]
=

(∑
t
Ct · t

) / (∑
t
Ct

)
This project indeed has about a 15-year duration. (Incidentally, this is also the case
for a project that pays $1 every year for 30 years.) Now consider another project that
pays relatively more early on, say $100 in one year and $1 in 30 years. Intuitively, it
should have a shorter duration, and our measure captures this:

Duration =
(

$100
$100 + $1

)
· 1 +

(
$1

$100 + $1

)
· 30 ≈ 1.287

It is easy to see that a zero bond would have a duration equal to its maturity.

https://investor.vanguard.com/mutual-funds/profile/performance/vfiax/cumulative-returns
https://finance.yahoo.com/quote/%5EGSPC/
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One important variation in wide use is the Macauley Duration, which replaces
The most common duration

measure is Macauley.the raw cash flow with its present value. The intent is to discount far-away payouts
more, which thus further shortens measured duration. (After all, earlier payments
are worth relatively more.) A disadvantage of Macauley duration is that it can change
when interest rates change.

For example, if the 1-year interest rate is 2% and the 30-year interest is 5%, the
preceding project with only the two payments ($100 next year and $1 in 30 years) is
worth $100/1.02 + $1/1.0530 ≈ $98.04 + $0.23 = $98.27. Its Macauley duration is
therefore

Macauley Duration =
(
$98.04
$98.27

)
· 1 + 0 · 2 + . . . + 0 · 29 +

(
$0.23
$98.27

)
· 30 ≈ 1.068

=
∑
t

[(
PV(Ct)∑
s PV(Cs)

)
· t

]
=

∑
t PV(Ct) · t∑
t PV(Ct)

There are also other less common measures of duration. They all try to summarize
different versions of when your “average” cash flow is going to occur.

Present Values with Time-Varying Interest Rates
Let’s proceed now to net present value with time-varying interest rates. What do you

The PV formula still looks

very similar.need to learn about the role of time-varying interest rates when computing NPV?
The answer is essentially nothing new. You already know everything you need to
know here. The net present value formula is still
NPV = PV

(
C0

)
+ PV

(
C1

)
+ PV

(
C2

)
+ PV

(
C3

)
+ · · ·

= C0 +
C1

1 + r0,1
+

C2
1 + r0,2

+
C3

1 + r0,3
+ · · ·

= C0 +
C1

1 + r1
+

C2
(1 + r2)

2 +
C3

(1 + r3)
3 + · · ·

= C0 +
C1

1 + r0,1
+

C2
(1 + r0,1) · (1 + r1,2)

+
C3

(1 + r0,1) · (1 + r1,2) · (1 + r2,3)
+ · · ·

The only novelty is that you need to be more careful with your subscripts. You cannot
simply assume that the multiyear holding returns (e.g., 1 + r0,2) are the squared
1-year rates of return ((1 + r0,1)2). Instead, you must work with time-dependent
costs of capital (interest rates). That’s it.

For example, say you have a project with an initial investment of $24 that pays
Present values are still alike

and thus can be added,

subtracted, compared, and

so on.

$20 in one year and $16 in five years. Assume that the 1-year interest rate is 5% and
the five-year annualized interest rate is 6% per annum. In this case,

PV
(
$20 in 1 year

)
=

$20
1.05

≈ $19.05

PV
(
$16 in 5 years

)
=

$16
1.065

≈ $11.96

It follows that the project’s total value today (time 0) is $31.01. If the project costs
$24, its net present value is

NPV = – $24 +
$20
1.05

+
$16
1.065

≈ $7.01

NPV = C0 +
C1

1 + r0,1
+

C5
1 + r0,5

= NPV
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You can also rework a more involved project, similar to that in Table 2.3. Assume
Here is a typical NPV

example.

ä Hypothetical Project Cash
Flows,
Table 2.3, Pg.31.

this project requires an appropriate annualized discount rate of 5% over one year,
and 0.5% more for every subsequent year, so that the cost of capital reaches 7%
annualized in the fifth year. The valuation method works the same way as it did in
Table 2.3 — you only have to be a little more careful with the interest rate subscripts.
The project’s value is thus

Project Annualized Compound Discount Present
Time Cash Flow Rate Rate Factor Value

t Ct rt r0,t
1

1 + r0,t
PV

(
Ct

)
Today –$900 any 1.0000 –$900.00

Y1 +$200 5.0% 5.0% 0.9524 +$190.48
Y2 +$200 5.5% 11.3% 0.8985 +$179.69
Y3 +$400 6.0% 19.1% 0.8396 +$335.85
Y4 +$400 6.5% 28.6% 0.7773 +$310.93
Y5 –$100 7.0% 40.3% 0.7130 –$71.30

Net Present Value (Sum): +$45.65

Q 5.11. A project costs $200 and will provide cash flows of +$100, +$300, and
+$500 in consecutive years. The annualized interest rate is 3% per annum over one
year, 4% per annum over two years, and 4.5% per annum over three years. What is
this project’s NPV?

5.2 Working With Inflation

Let’s make our world even more realistic — and complex — by working out the
Inflation is the increase in

the price of goods. effects of inflation. Inflation is the process by which the same good costs more in
the future than it does today. With inflation, the price level is rising and thus money
is losing its value. For example, if inflation is 100% and is equal across all goods, an
apple that costs $0.50 today will cost $1 next year, a banana that costs $2 today will
cost $4, and finance textbooks that cost $200 today will cost $400.

Inflation may or may not matter in a corporate context, depending on how
Inflation matters when

contracts are not written to

adjust for it.

contracts are written. If you ignore inflation and write a contract that promises to
deliver bread for the price of $1 next year, it is said to be in nominal terms — and
you may have made a big mistake. The money you will be paid will be worth only half
as much. You will only be able to buy one apple for each loaf of bread that you had
agreed to sell for $1, not the two apples that anyone else will enjoy. So this nominal
interest rate to which you have agreed does not take inflation into account. On the
other hand, you could write your contract in real terms (or inflation-indexed terms)
today, in which case the inflationary price change would not matter. That is, you
could build into your promised banana delivery price the inflation rate from today to
next year. An example would be a contract that promises to deliver bananas at the
rate of four apples per banana. If a contract is indexed to inflation, then inflation
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does not matter. However, in the United States inflation can indeed matter, because
most contracts are in nominal terms and not inflation-indexed — and when a surprise
(like the unexpected 2022 sharp inflation increase) occurs, it affects both borrowers
and lenders. Therefore, you have to learn how to work with inflation.

What effect, then, does inflation have on returns? On (net) present values? This
is our next subject.

Measuring the Inflation Rate

The first important question is how you should define the inflation rate. Is the rate of
The CPI is the most common

price measure used to

calculate inflation.

change of the price of apples the best measure of inflation? What if apples (the fruit)
become more expensive, but Apples (the computers) become less expensive? Defining
inflation is actually rather tricky. To solve this problem, economists have invented
baskets or bundles of goods and services that are deemed to be representative of some
buyers. Economists then measure an average price change for these items. The official
source of most inflation measures is the Bureau of Labor Statistics (BLS), which
determines the compositions of a number of common bundles (indexes) and publishes
the average total price of these bundles on a monthly basis. The most prominent such
inflation measure is a hypothetical bundle of average household consumption, called
the Consumer Price Index (CPI). (The CPI components are roughly: housing 40%,
food 20%, transportation 15%, medical care 10%, clothing 5%, entertainment 5%,
others 5%.) The BLS offers inflation data at https://www.bls.gov/cpi/, and the Wall
Street Journal prints the percent change in the CPI at the end of its regular column
“Money Rates.”

In earlier editions of the book, the inflation rate was so low for many years that
Inflation can change fast!I had to resort to telling students that it was worth learning anyway, because the

time would come when they would need these calculations again. (There were even
some months during the Great Recession of 2008-9 with highly negative inflation
rates, too — a situation called deflation!) The time for more inflation has come in
the logistics holdups of Covid — the BLS reported an inflation rate of about 8%.

Year 2006 2007 2008 2009 2010 2011 2012 2013

CPI 203.1 211.4 211.4 217.3 220.5 227.2 231.2 234.7
Inflation ↘4.1%↑ ↘–0.0%↑ ↘2.8%↑ ↘1.4%↑ ↘3.1%↑ ↘1.8%↑ ↘1.5%↑ ↘0.7%↑

Year 2014 2015 2016 2017 2018 2019 2020 2021

CPI 236.3 237.8 242.6 247.7 252.5 258.2 261.6 280.2
Inflation ↘0.6%↑ ↘2.0%↑ ↘2.1%↑ ↘1.9%↑ ↘2.3%↑ ↘1.3%↑ ↘7.1%↑

A number of other indexes are also commonly used as inflation measures, such
Other Inflation Measures:

PPI and GDP Deflatoras the Producer Price Index (PPI) or the broader GDP Deflator. These indexes
typically move in a manner very similar to that ofthe CPI. Over short periods, one
expects these rates to move fairly close together (on average, not every month); but
over longer periods, they can diverge. There are also more specialized bundles, such
as computer or flash memory chip inflation indexes (their prices usually decline), or
price indexes for particular regions.

http://https://www.bls.gov/cpi/
https://www.bls.gov/cpi/
https://fred.stlouisfed.org/series/FPCPITOTLZGUSA
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The German Hyperinflation of 1922

Many economists now believe that a modest inflation rate between 1% and 3% per year is a healthy
number. But it’s not so easy to maintain.
The Roman Emperor Gallienus (who ruled during The Crisis of the 3rd Century) is still infamous two-
thousand years later for having changed the value of the Roman Denarius by reducing its silver content by
a factor of 100.
The most famous episode of extreme inflation (hyperinflation) occurred in Germany from August 1922 to
November 1923. Prices more than quadrupled every month. The price for goods was higher in the evening
than in the morning! Stamps had to be overprinted by the day, and shoppers went out in the morning with
bags of money that were worth a lot less the following day. By the time Germany printed 1,000 billion Mark
Bank Notes, no one trusted Marks anymore. This hyperinflation was stopped only by a drastic currency and
financial system reform. But high inflation is not just a historic artifact. With his “innovative” monetary
policy, Turkey’s president Erdogan pushed the annualized inflation rate from about 10% per annum to
36.1% at the end of 2021. Not to be outdone, Venezuela had an inflation rate of 686.4%, even according
to its own central bank. Don’t save in Venezuelan Bolivars!
Yet inflation is trickier than economists previously realized. Recent experience has humbled us (further)
by proving that it can also be difficult to push up inflation. In the Great Recession (the financial crisis of
2008-9) and the years right after, the U.S. monetary authority – the Federal Reserve (Fed) — tried to get
out of deflation by pushing money into the hands of consumers. The idea was to get them to lose just a
little trust in the currency and spend it, so as to raise the nominal value of much “underwater” real estate
— real estate that had declined so much in value that it was worth less than the mortgage loan on it. But
many consumers turned around and deposited the money back into their banks, which in turn redeposited
the money with — you guessed it — the Fed.

The official inflation rate is not just a number that mirrors reality — it is important
The CPI matters in the

economy — even if it is

imperfect.

in itself, because many contracts are specifically indexed to a particular inflation defi-
nition. For example, even if actual true inflation is zero, if the officially reported CPI
rate is positive, the government must pay out more to Social Security recipients. The
lower the official inflation rate, the less the government has to pay. You would there-
fore think that the government has the incentive to understate inflation. Strangely,
this has not been the case. On the contrary, there are strong political interest groups
that hinder the BLS from even fixing mistakes that everyone knows overstate the CPI
— that is, corrections that would result in lower official inflation numbers. This is not
a new insight. As early as 1996, the Boskin Commission, consisting of a number of
eminent economists, found that the CPI overstated inflation by about 74 basis points
per annum — a huge difference. The main reasons were and continue to be that
the BLS has been tardy in recognizing the growing importance of such factors as
effective price declines in the computer and telecommunications industries and the
role of superstores such as Wal-Mart and Target.

https://en.wikipedia.org/wiki/Crisis_of_the_Third_Century
https://www.reuters.com/world/middle-east/turkey-inflation-surges-361-amid-lira-crisis-highest-since-2002-2022-01-03/
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5.2. Working With Inflation 11

Before we get moving, a final warning:
Im

p
o
rt
a
n
t The common statement “in today’s dollars” can be ambiguous. Most people mean “inflation-

adjusted.” Some people mean present values (i.e., “compared to an investment in risk-free bonds”).
When in doubt, ask!

Q 5.12. Read the Bureau of Labor Statistics’ website descriptions of the CPI and the
PPI. How does the CPI differ conceptually from the PPI? Are the two official rates
different right now?

Real and Nominal Interest Rates

To work with inflation and to learn how you would properly index a contract for
Nominal returns are what

are normally quoted. Real

returns are adjusted for

inflation. The latter are

what you want to know if you

want to assess future

consumption from saving.

inflation, you first need to learn the difference between a nominal return and a
real return. The nominal rate is what is usually quoted — a return that has not
been adjusted for inflation. In contrast, the real rate of return somehow “takes out”
inflation from the nominal rate in order to calculate a return “as if” there had been
no price inflation to begin with. The real return reflects the fact that, in the presence
of inflation, dollars in the future will have less purchasing power than dollars today.
It measures your trade-off between present and future consumption, taking into
account the change in prices.

Start with a simple exaggerated scenario: Assume that the inflation rate is 100%
An extreme 100% inflation

rate example: Prices double

every year.

per year and you can buy a bond that promises a nominal interest rate of 700%. What
is your real rate of return? To find out, assume that $1 buys one apple today. With
an inflation rate of 100%, you need $2 next year to buy the same apple. Your gross
return will be $1 · (1 + 700%) = $8 for today’s $1 of investment. But this $8 will
apply to apples costing $2 each. Your $8 will buy 4 apples, not 8 apples. Your real
rate of return (1 apple yields 4 apples) is therefore

rreal =
(4 Apples for $8) – (1 Apple for $2)

(1 Apple for $2)
= 300%

For each dollar invested today, you will be able to buy only 300% more apples next
year (not 700% more) than you could buy today. This is because inflation will reduce
the purchasing power of your dollar by more than one half.

The correct formula to adjust for the inflation rate (c) is again a “one-plus” type
Here is the correct

conversion formula from

nominal to real rates.

formula. In our example, it is
(1 + 700%) = (1 + 300%) · (1 + 100%)
(1 + rnominal) = (1 + rreal) · (1 + c)

Turning this formula around gives you the real rate of return,

(1 + rreal) =
1 + 700%
1 + 100%

= 1+ 300%

(1 + rreal) =
(1 + rnominal)

(1 + c)
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In plain English, a nominal interest rate of 700% is the same as a real interest rate of
300%, given an inflation rate of 100%.

Im
p
o
rt
a
n
t The relation between the nominal rate of return (rnominal), the real rate of return (rreal), and the

inflation rate (c) is
(1 + rnominal) = (1 + rreal) · (1 + c)

As with compounding, if the rates are small, the mistake of just subtracting the
For small rates, adding/

subtracting is an okay

approximation.

inflation rate from the nominal interest rate to obtain the real interest rate is not too
grave. For example, with our (30-year) 3% Treasury, if inflation were to remain at
0.7%, the correct real interest rate would be (about) 2.28% and not 2.30%:

ä Bills, notes, and bonds,
§ 5.3, Pg.14.

(1 + 3%) ≈ (1 + 2.28%) · (1 + 0.7%) ≈ 1 + 2.28%+ 0.7%+ 0.0002 . . . . . .

(1 + rnominal) = (1 + rreal) · (1 + c) = 1 + rreal + c + rreal · c︸  ︷︷  ︸
cross-term

The difference between the correct rate and the approximation, i.e., the cross-term,
is trivial, and easily swamped by measurement noise in the current inflation rate and
uncertainty about future inflation rates. However, when inflation and interest rates

ä Adding or compounding
interest rates, and the
cross-term,
Pg.21.

are high — as they were, for example, in the United States in the late 1970s — then
the cross-term can be important.

A positive time value of money — the same amount of money is worth more
Real interest rates can be

negative — and, in fact,

often are.

today than tomorrow — is only true for nominal quantities, not for real quantities.
Only nominal interest rates are (usually) not negative. In the presence of inflation,
real interest rates not only can be negative, but often are negative. For example, in
December 2021, the one-month Treasury paid 0.06% per annum while the inflation
rate was about 7%,implying a real interest rate of about –7% per annum. Yikes &%

'$yt yt�� �� !
Every dollar you invested in such U.S. Treasuries would be worth less in real purchasing
power one month later. You would have ended up with more cash — but also with
less purchasing power. Maybe you would have been better off spending the money
instead?

Q 5.13. From memory, write down the relationship between nominal rates of return
(rnominal), real rates of return (rreal), and the inflation rate (c).
Q 5.14. The nominal interest rate is 20%. Inflation is 5%. What is the real interest
rate?

Inflation in Net Present Values

When it comes to inflation and net present value, there is a simple rule: Never
The most fundamental rule:

never mix apples and

oranges. Nominal cash flows

must be discounted with

nominal interest rates.

mix apples and oranges. The beauty of NPV is that every project’s cash flows are

gqp Mixing apples and oranges

is like mixing Washington

State and Florida.

translated into the same units: today’s dollars. Keep everything in the same units in
the presence of inflation, so that this NPV advantage is not lost. When you use the
NPV formula, always discount nominal cash flows with nominal discount rates, and
real (inflation-adjusted) cash flows with real (inflation-adjusted) discount rates.
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Gold

Sometimes, the price of gold has been used as a measure of inflation. Although gold is not a great measure
of purchasing power in general, it does allow for easy historical comparisons.
Roman legionaries, often forcibly conscripted, were paid the equivalent of 2.3 oz of gold per year. A private
nowadays in the volunteer U.S. army is paid the equivalent of 13-14 oz per year — about six times as much.
We value our grunts way more than they valued theirs.
Roman centurions were paid about 39 oz, more than 15 times as much as a legionary. A U.S. army captain
is paid 44 oz, not far off from the pay of a centurion, but thus only about 3 times as much as a private. On
the other hand, they no longer need to whip or decimate their wards.
Nevertheless, in rough terms, as an asset class, an investment in gold would have earned a rate of return
roughly in line with the income growth of soldiers over two millennia. However, the price of gold varies a
lot more these days than it did then. Just three years earlier, in 2018, the gold price was only 2/3 of what
it was when I calculated the U.S. salaries, making it seem that grunts did not outperform the Romans and
captains underperformed centurions. Idea from Erb and Harvey (2013)

Let’s return to our “apple” example. With 700% nominal interest rates and 100%
Our example discounted

both in real and nominal

terms.

inflation, the real interest rate is (1 + 700%)/(1 + 100%) – 1 = 300%. What is the
value of a project that gives 12 apples next year, given that apples cost $1 each today
and $2 each next year?

There are two methods you can use:

Discount nominal cash flows

with nominal rates. Discount

real cash flows with real

rates.

1. Discount the nominal cash flow of 12 apples next year ($2 · 12 = $24) with the
nominal interest rate. Thus, the 12 future apples are worth

Nominal Cash Flow
1 + Nominal Rate

=
$24

1 + 700%
= $3

2. Discount the real cash flows of 12 apples next year with the real interest rate.
Thus, the 12 future apples are worth

Real Cash Flow
1 + Real Rate

=
12 Apples
1 + 300%

= 3 Apples

in today’s apples. Because an apple costs $1 today, the 12 apples next year are
worth $3 today.

Both the real and the nominal methods arrive at the same NPV result. The opportunity
cost of capital is that if you invest one apple today, you can quadruple your apple
holdings by next year. Thus, a 12-apple harvest next year is worth 3 apples to you
today. The higher nominal interest rates already reflect the fact that nominal cash

ä opportunity cost of capital,
§ 2.5, Pg.24.

flows next year are worth less than they are this year.
As basic as these calculations are, I have seen corporate managers first work out

the real value of their goods in the future, and then discount them with nominal
interest rates. Just don’t!
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Im

p
o
rt
a
n
t • Discount nominal cash flows with nominal interest rates.

• Discount real cash flows with real interest rates.
Either works. Never discount nominal cash flows with real interest rates, or vice-versa.

If you want to see this in algebra, the reason that the two methods come to the
Usually, it is best to work

only with nominal quantities.
same result is that the inflation rate cancels out,

PV =
$24

1 + 700%
=

12A
1 + 300%

=
12A · (1 + 100%)

(1 + 300%) · (1 + 100%)

=
N

1 + rnominal
=

R
1+ rreal

=
R · (1 + c)

(1 + rreal) · (1 + c)
where N is the nominal cash flow, R is the real cash flow, and c is the inflation rate.
Most of the time, it is easier to work in nominal quantities. Nominal interest rates are
far more common than real interest rates, and you can simply use published inflation
rates to adjust the future price of goods to obtain future expected nominal cash flows.

Q 5.15. If the real interest rate is 3% per annum and the inflation rate is 8% per
annum, then what is the present value of a $500,000 nominal payment next year?

5.3 U.S. Treasuries and the Yield Curve

It is now time to talk in more detail about the most important financial market in
The simplest and most

important benchmark bonds

nowadays are Treasuries.

They have known and

certain payouts.

the world today: the market for bonds issued by the U.S. government to finance its
national debt.

These bonds are called Treasuries and are perhaps the simplest projects around.
This is because, in theory, Treasuries cannot fail to pay and are thus risk-free. They
promise to pay U.S. dollars, and the U.S.-controlled Federal Reserve has the right to
print more U.S. dollars if it were ever to run out. Thus, there should be no uncertainty
about repayment for Treasuries. (In contrast, some countries and U.S. states [like
Illinois] borrow in currencies that they cannot themselves create. Therefore, they
may well not have the money to repay and default.)

gqp Cartoon on how the Fed

adjusts interest rates.

The shorthand “Treasury” comes from the fact that the debt itself is issued by the
U.S. Treasury bills, notes,

and bonds have different

maturities.

U.S. Treasury Department. There are three main types:
1. Treasury bills (often abbreviated as T-bills) have maturities of up to one year.
2. Treasury notes have maturities between one and ten years.
3. Treasury bonds have maturities greater than ten years.

The 30-year bond is often called the long bond. Together, the three are usually just
called Treasuries. Conceptually, there is really no difference among them. All are
really just obligations issued by the U.S. Treasury. Indeed, there can be Treasury notes
today that are due in 3 months — such as a 9-year Treasury note that was issued 8
years and 9 months ago. This note is really the same obligation as a 3-month Treasury
bill that was just issued. Thus, we shall be (very) casual with name distinctions.

https://www.usdebtclock.org/
https://www.cartoonstock.com/directory/f/flow.asp
https://www.cartoonstock.com/directory/f/flow.asp
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In late 2021, the United States federal government owed over $23 trillion in
Market magnitudesU.S. Treasury obligations (on a GDP of about $17.5 trillion). With a population of

322 million, this debt translated to over $71,000 per person. With 125 million
households and 157 million full-time workers, the debt represented about $150,000
per household or employed. (A worse problem, however, is that the United States has
already promised benefits to future retirees that far exceed even this big number.)
But the United States also has assets. It owns more than $100 trillion in land,
infrastructure, and mineral rights under the land.*

After Treasuries are sold by the government, they are then actively traded in
The Treasuries market may

well be the most important

financial market in the

world.

what is one of the most important — if not the most important — financial markets
in the world today. It would not be uncommon for a dedicated bond trader to buy
$100 million of a Treasury note originally issued 10 years ago that has 5 years
remaining, and 10 seconds later sell $120 million of a three-year Treasury note
issued 6 years ago. Large buyers and sellers of Treasuries are easily found, and
transaction costs are very low. Trading volume is huge: In 2021, it was about $620
billion per trading day. Therefore, the annual trading volume in U.S. Treasuries —
about 252 · $500 billion ≈ $130 trillion, where 252 is the approximate number of
trading days per year — was about an order of magnitude larger than the entire
annual U.S. gross domestic product (GDP).

Who owns them? The U.S. Treasury reports that about half was owned by U.S.
Who owns most Treasuries?investors (including indirectly via trust funds and other government institutions); the

other half was owned by foreigners (about $15 trillion each). Japan and China hold
about $1.2 trillion each, i.e., lending money to the U.S. government as our largest
creditors.

Interest rates on Treasuries change every moment, depending on their maturity
The yield curve shows the

annualized interest rate as a

function of bond maturity.

terms. Fortunately, you already know how to handle time-varying rates of return,
so we can now put your knowledge to the test. The principal tool for working with
Treasury bonds is the yield curve (or term structure of interest rates or just the
term structure). It is a graphical representation, where the time to maturity is on
the X-axis and the annualized interest rates are on the Y-axis. There are also yield
curves on non-Treasury bonds, but the Treasury yield curve is so prominent that
unless clarified further, the yield curve should be assumed to mean investments in
U.S. Treasuries. (A more precise name would be the “U.S. Treasuries yield curve.”)
This yield curve is so important that most other debts in the financial markets, like
mortgage rates or bank lending rates, are “benchmarked” relative to the Treasury
yield curve. For example, if your firm wants to issue a five-year bond, your creditors
will want to compare your interest rate to that offered by equivalent Treasuries, and
often will even describe your bond as offering “x basis points above the equivalent
Treasury.”

Q 5.16. What are the three types of Treasuries? How do they differ?

*Spending and debt is a bipartisan problem. Both Democrat and Republican administrations and
Congresses have been profligate spenders, not expecting to have to pay it back themselves. They only ever
become fiscally responsible and complain when they are in the opposition and the money is spent by the
other party.

https://www.sifma.org/resources/archive/research/statistics/
https://www.sifma.org/resources/archive/research/statistics/
https://www.sifma.org/resources/archive/research/statistics/
https://www.sifma.org/resources/research/us-treasury-securities-statistics/
https://www.sifma.org/resources/research/us-treasury-securities-statistics/
https://datalab.usaspending.gov/americas-finance-guide/debt/analysis/
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16 Chapter 5: Time-Varying Rates of Return and the Yield Curve

Yield Curve Shapes

Figure 5.1 shows some actual historical yield curves.

“Normal” (upward): May 2011 Flat: January 2007
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Figure 5.1: Various Historical Yield-Curve Shapes. The upward slope is so common that it is considered
the “normal” shape. Not shown here (instead see Exhibit 5.2), the yield curve was normal in 2021 but not
as steep as it was in May 2011. A downward slope is sometimes called “inverted.” Significantly humped or
inverted slopes are rare.
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Yield curves are commonly classified into four basic shapes:
Yield curves are often, but

not always, upward-sloping.1. Flat: There is little or no difference between annualized short-term and long-term
rates. A flat yield curve is basically the scenario that was the subject of the
previous chapter. It means you can simplify (1 + r0,t) ≈ (1 + r)t.

2. Upward-sloping (“normal”): Short-term rates are lower than long-term rates.
This is the most common shape. It means that longer-term interest rates
are higher than shorter-term interest rates. Figure 5.4 below will plot how
it changed over history. Since 1934, the steepest yield curve (the biggest
difference between the long-term and the short-term Treasury rates) occurred
in October 1992, when the long-term interest rate was 7.3% and the short-term
interest rate was 2.9% — just as the economy pulled out of the recession of
1991. With active intervention by the Federal Reserve, 2004 and 2009 saw
similarly high spreads. When Covid struck in January 2020, the yield curve
had returned to flat (with short-term rates rising and long-term rates dropping
to about 3% per annum). At this point, the Fed pushed the short rate to zero.
Thus, it has been “normal” since Covid.

3. Downward-sloping (“inverted”): Short-term rates exceed long-term rates.
4. Humped: Short-term rates and long-term rates exceed medium-term rates.
Inverted and humped yield curves are relatively rare.

Macroeconomic Implications of Different Yield Curve Shapes

Economists and pundits have long wondered what they can learn from the shape of the yield curve about
the future of the economy. It appears that the yield curve shape is a useful — though unreliable and noisy
— signal of where the economy is heading. Steep yield curves often signal emergence from a recession, as
you will see in Exhibit 5.4 on Page 27. Inverted yield curves often signal an impending recession. But can’t
the Federal Reserve Bank control the yield curve and thereby control the economy? It is true that the
Fed can influence the yield curve — and since the Great Recession of 2008-9, it has pushed on it as never
before. But ultimately the Fed does not control it — instead, it is the broader demand and supply for
savings and credit in the economy that determines it. Economic research has shown that the Fed typically
has a good deal of influence on the short end of the Treasury curve — by expanding and contracting the
supply of money and short-term loans in the economy — but not much influence on the long end of the
Treasury curve (the 30-year bond), especially if it tried to manage it for a long time. And even in the Great
Recession of 2008-9, the Fed’s influence on the short end was ultimately limited, too — the nominal rate
already stood at 0% and there was little the Fed could do to drop it further. (Large negative nominal rates
are not possible.) In fact, by flooding the economy with “cheap” (i.e., low-interest) money, the Fed was
trying to push banks to lend and people to spend money — but people instead just deposited the cash right
back into the banks!

If you want to undertake your own research, you can find historical interest rates at
Common data sources for

interest rates.the St. Louis Federal Reserve Bank at https://research.stlouisfed.org/fred. There are
also the Treasury Management Pages at http://www.tmpages.com/. Or you can look
at SmartMoney.com for historical yield curves. PiperJaffray.com has the current yield
curve — as do many other financial sites and newspapers. Finance.yahoo.com/bonds
provides not only the Treasury yield curve but also yield curves for many other types
of bonds.

https://en.wikipedia.org/wiki/Great_Recession
http://https://research.stlouisfed.org/fred
https://research.stlouisfed.org/fred
http://http://www.tmpages.com/
http://www.tmpages.com/
http://SmartMoney.com
SmartMoney.com
http://PiperJaffray.com
PiperJaffray.com
http://Finance.yahoo.com/bonds
Finance.yahoo.com/bonds
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18 Chapter 5: Time-Varying Rates of Return and the Yield Curve

An Example: The Yield Curve on December 31, 2021

Let’s focus on working with one particular yield curve. Figure 5.2 shows the Treasury
We will analyze the

Treasury yield curve at the

end of December 2021.

yields on December 31, 2021. This yield curve had the most common upward slope.
The curve tells you that if you had bought a 3-month Treasury at the end of the day on
December 31, 2021, your annualized interest rate would have been 0.06% per annum.
(A $100 investment would turn into $100 · (1 + 0.06%)1

/
4 ≈ $100 · 1.00015 ≈

$100.015 on March 31, 2022.) If you had bought a thirty-year bond, your annualized
interest rate would have been 1.90% per annum, resulting in a payment of $175.88
on December 2051 for a $100 investment.

Sometimes it is necessary to determine an interest rate for a bond that is not listed.
You can interpolate

annualized interest rates on

the yield curve.

This is usually done by interpolation. For example, if you had wanted to find the
yield for a 4-year bond, a reasonable guess would have been an interest rate halfway
between the 3-year bond and the 5-year bond. In December 2021, this would have
been an annualized yield of (0.97%+ 1.26%)/2 ≈ 1.12%. (This is not exact, as you
can guess by noticing that the yield curve looks concave.)

As notation for the annualized horizon-dependent interest rates, we continue
The December 2021 yield

curve was mostly

upward-sloping: Annualized

interest rates were higher

for longer maturities.

using our earlier method. We call the two-year annualized interest rate r2 (here,
0.73%), the three-year annualized interest rate r3 (here, 0.97%), and so on. It is
always these overlined-subscript yields that are graphed in yield curves. Let’s work
with this particular yield curve, assuming it is based exclusively on zero-bonds, so
you don’t have to worry about interim payments.
Holding rates of return: First, let’s figure out how much money you will have at

Computing the holding rate

of return for 2-year and

30-year Treasuries.

maturity. That is, how much does an investment of $500,000 in U.S. two-year
notes (i.e., a loan to the U.S. government of $500,000) on December 31, 2021,
return on December 31, 2023? Use the data in Figure 5.2. Because the yield
curve prints annualized rates of return, the total two-year holding rate of return
(as in Formula 5.1) is the twice compounded annualized rate of return,

ä Annualizing,
Formula 5.1, Pg.4.

r0,2 = 1.00731 · 1.00731 – 1 ≈ 1.465%
r0,2 = (1 + r2) · (1 + r2) – 1

so your $500,000 will turn into
C2 ≈ (1 + 1.465%) · $500,000 ≈ $507,326
C2 = (1 + r0,2) · C0

on December 31, 2023. (In the real world, rounding errors might be different
and you might have to pay a commission to arrange this transaction, so you
would end up with a little less.)

*

Nerdnote: There are some small inaccuracies in my description of yield curve computations.
My main simplification is that U.S. yield curves are based on semi-annually-compounded coupon
bonds in real life, whereas our textbook pretends that the yield is quoted on a zero bond.
In corporate finance, the yield difference between annual compounding and semi-annual
compounding is almost always inconsequential. However, if you want to become a fixed-
income trader, you should not take our approximation literally. You should consult a dedicated
fixed-income text instead.
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Figure 5.2: The Treasury Yield Curve on December 31, 2021. These rates are annualized
yields to maturity (internal rates of return) calculated from Treasury yields. If they were truly
Treasury zero-bonds, they would just be the standard discount rates computed from the final pay-
ment and today’s price, but we ignore the fixed-income details here. Such yield curves can be
found on many websites. The yield curve changes every day — although day-to-day changes
are usually small. The example in this section works primarily with this particular yield curve.
Source: Federal Reserve or Treasury.gov

What if you invest $500,000 into 30-year Treasuries? Your 30-year holding
rate of return is

r0,30 = 1.019030 – 1 ≈ 1.759 – 1 ≈ 75.9%
r0,30 = (1 + r30)

30 – 1
Thus, an investment of C0 = $500,000 in December 2021 will return C30 ≈
$879,418 in December 2051.

Forward rates of return: Second, let’s figure out what the yield curve in December
Let’s work out one forward

rate implied by the

December 2015 yield curve.

2021 implied about the 1-year interest rate from December 2022 to December
2023. This would be best named r1,2 (or if you are a masochist or bond trader,
r12/31/2022,12/31/2023). It is an interest rate that begins in one year and ends
in two years. As already mentioned, this is called the forward interest rate or
simply the forward rate.

https://www.federalreserve.gov/releases/h15/data.htm
https://www.treasury.gov/resource-center/data-chart-center/interest-rates/Pages/TextView.aspx?data=yield
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20 Chapter 5: Time-Varying Rates of Return and the Yield Curve

The 1-year annualized interest rate is r1 = 0.39%. The two-year annualized
rate of return is r2 = 0.73%. You already know that you can work out the two
holding rates of return, r0,1 = 0.39% and r0,2 = (1 + r2)

2 – 1 ≈ 1.465%. You
only need to use the compounding formula to determine r1,2:

(1 + 1.465%) = (1 + 0.39%) · (1 + r1,2)⇒ r1,2 ≈ 1.07%
(1 + r0,2) = (1 + r0,1) · (1 + r1,2)

Note that this forward rate r1,2 is higher than both r1 (0.39%) and r2 (0.73%)
from which you computed it.

Rates of Return
Maturity Total Holding Annualized Compounded Rates

1 Year (1 + 0.39%) = (1 + 0.39%)1 = (1 + 0.39%)
(1 + r0,1) = (1 + r1)

1 = (1 + r0,1)

2 Years (1 + 1.47%) ≈ (1 + 0.73%)2 ≈ (1 + 0.39%) · (1 + 1.07%)
(1 + r0,2) = (1 + r2)

2 = (1 + r0,1) · (1 + r1,2)

3 Years (1 + 2.94%) ≈ (1 + 0.97%)3 ≈ (1 + 0.39%) · (1 + 1.07%) · (1 + 1.46%)
(1 + r0,3) = (1 + r3)

3 = (1 + r0,1) · (1 + r1,2) · (1 + r2,3)

Table 5.3: Relation between Holding Returns, Annualized Returns, and Year-by-Year Returns on
December 31, 2021, by Formula. The individually compounded rates are the future interest rates. They
are implied by the annualized rates quoted in the middle column. The text worked out the two-year case.
You will work out the three-year case in Question 5.17.

Table 5.3 summarizes our two-year calculations, and extends them by another
Is the proliferation of

subscripts torture or

necessity?

year. (This helps you to check your results in an exercise below.) One question you
should ask yourself is whether I use so many subscripts in the notation just because I
enjoy torturing you. The answer is an emphatic no: The subscripts are there for good
reason. When you look at Table 5.3, for example, you have to distinguish between
the following:

• the three holding rates of return, r0,t (0.39%, 1.47%, and 2.94%)
• the three annualized rates of return, rt (0.39%, 0.73%, and 0.97%)
• the three individual annual rates of return rt–1,t (0.39%, 1.07%, and 1.46%),

where the second and third forward rates begin at different moments in the
future.

In real life, you have not just three yearly Treasuries, but many Treasuries anywhere
between 1 day and 30 years. Anyone dealing with Treasuries (or any other fixed-
income investment) that can have different maturities or start in the future must be
prepared to suffer double subscripts.
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If Treasuries offer different annualized rates of return over different horizons,
Yes, corporate projects

have double subscripts, too!do corporate projects have to do so, too? Almost surely yes. If nothing else, they
compete with Treasury bonds for investors’ money. And just like Treasury bonds,
many corporate projects do not begin immediately, but may take a year or more to
prepare. Such project rates of return are essentially forward rates of return. Double
subscripts — Yikes &%

'$yt yt�� �� ! Sometimes there is no way out of painful notation in the
real world!

Q 5.17. Compute the three-year holding rate of return on December 31, 2021. Then,
using the two-year holding rate of return on December 31, 2021, and your calculated
three-year holding rate of return, compute the forward interest rate for a 1-year
investment beginning on December 31, 2023, and ending on December 31, 2024.
Are these the numbers in Table 5.3?
Q 5.18. Repeat the calculation with the five-year annualized yield of 1.26%. That is,
what is the five-year holding rate of return, and how can you compute the annualized
forward interest rate for a two-year investment beginning on December 31, 2024,
and ending on December 31, 2026?

Bond Payoffs and Your Investment Horizon

Should there be a link between your personal investment horizon and the kinds of
Your investment horizon has

no link to the time patterns

of bond payoffs you invest

in. You can always sell

long-term bonds to get

money quickly, if need be.

bonds you may be holding? Let’s say that you want to buy a three-year zero-coupon
bond because it offers 0.97%, which is more than the 0.39% that a 1-year zero-coupon
bond offers — but you also know that you will want to consume in one year. Can
you still buy the longer-term bond? There is good news and bad news. The good
news is that the answer is yes: There is really no link between the point in time
when your three-year bond pays off and when you want to get your money back (and
spend it). You can always buy a three-year bond today, and sell it before maturity,
such as next year when it will have become a two-year bond. The bad news is that
in our perfect and certain market, this investment strategy will still only get you
the 0.39% that the 1-year bond offers. If you buy $100 of the three-year bond for
P = $100/1.00973 ≈ $97.15 today, next year it will be a two-year bond with an
interest rate of 1.07% in the first year and 1.46% in the second year (both worked
out in Table 5.3). You will be able to sell the remaining two-year bond next year for
a price of

$100
1 + r1,3

=
$100

(1 + r1,2) · (1 + r2,3)
=

$100
1.0107 · 1.01465

≈ $97.52

Your 1-year holding rate of return would therefore be only (P1 – P0)/P0 = ($97.52 –
$97.15)/$97.15 ≈ 0.39% — the same rate of return (subject to some rounding error
in our calculations) that you would have received if you had bought a 1-year bond to
begin with. There is no free lunch here.
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22 Chapter 5: Time-Varying Rates of Return and the Yield Curve

The Effect of Interest Rate Changes on Different-Term Bonds

Are long-term bonds riskier than short-term bonds? Recall that repayment is no less
Treasuries pay what they

promise. They have no

default risk. They do have

the risk of interim interest

rate changes.

certain with long-term Treasury bonds than short-term Treasury notes. (This would
be an issue of concern if you were to evaluate corporate projects that can go bankrupt.
Long-term corporate bonds are often riskier than short-term corporate bonds — most
firms are unlikely to go bankrupt this week, but more likely to go bankrupt over a
multidecade time horizon.) So, for Treasury bonds, as long as Congress does not go
crazy and simply refuse to authorize repayment, there should be no uncertainty as
far as payment is concerned. But there may still be some interim risk of a different
kind; and even though we have not yet fully covered it, you can still intuitively figure
out why this is so. Ask yourself how economy-wide bond prices (interest rates) can
change in the interim (before maturity). What are the effects of sudden interest rate
changes before maturity on bond values? It turns out that an equal-sized interest
rate movement can be much more dramatic for long-term bonds than for short-term
bonds. Let me illustrate why.
The 30-year bond: Work out the value of a $1,000 promise 30-year zero-bond at

First, the effect of a 10 bps

yield change on the price of

a 30-year bond.

the 1.90% interest rate prevailing. It costs $1,000/1.019030 ≈ $568.56. You
already know that when prevailing interest rates go up, the prices of outstanding
bonds drop and you will lose money. For example, if annualized interest rates
increase by 10 basis points, from 1.90% to 2.00%, the bond value decreases
to $1,000/1.02030 ≈ $552.08. If they decrease by 10 basis points from 1.90%
to 1.80%, the bond value increases to $1,000/1.018030 ≈ $585.55. Thus, the
effect of a 10-basis-point change in the prevailing 30-year annualized yield
induces an immediate percent change (an instant rate of return) in the value V
of your bond of

Up 10 bps: r =
V(r30 = 2.00%) – V(r30 = 1.90%)

V(r30 = 1.90%)
≈ $552.07 – $568.56

$568.56
≈ –2.9%

Down 10 bps: r =
V(r30 = 1.80%) – V(r30 = 1.90%)

V(r30 = 1.90%)
≈ $585.55 – $568.56

$568.56
≈ +3.0%

So for every $1 million you invest in 30-year bonds, you expose yourself to about
$30,000 in instant risk for every 10-basis-point yield change in the economy.

The 1-year note: To keep the example identical, let’s now assume that the 1-year
Second, the effect of a

10 bps point change on the

price of a 1-year note.

note also has an interest rate of 1.90% and let’s consider the same 10-basis-point
change in the prevailing interest rate. In this case, the equivalent computations
for the value of a 1-year note are $982.32 at 1.80%, $981.35 at 1.90%, and
$980.39 at 2.00%. Therefore, the equivalent instant rates of return are

Up 10 bps: r =
V(r1 = 2.00%) – V(r1 = 1.90%)

V(r1 = 1.90%)
≈ $980.39 – $981.35

$981.35
≈ –0.1%

Down 10 bps: r =
V(r1 = 1.80%) – V(r1 = 1.90%)

V(r1 = 1.90%)
≈ $969.84 – $981.35

$981.35
≈ +0.1%

For every $1 million you invest in 1-year notes, you expose yourself to about
$1,000 in instant risk for every 10-basis-point yield change in the economy.

It follows that the value effect of an equal-sized change in prevailing interest
An equal interest rate move

affects longer-term bonds

more strongly.

rates is more severe for longer-term bonds. In turn, it follows that if the bond is due
tomorrow, interest rate changes can usually wreak very little havoc. You will be able
to get your money back tomorrow and you can then either consume or reinvest at
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whatever the new rate will then be. A long-term bond, on the other hand, may lose
(or gain) a lot of value.

In sum, you should always remember that Treasury bonds are risk-free in the
Again, in the interim,

T-bonds are not risk-free!sense that they cannot default (fail to return the promised payments), but they are
risky in the sense that interim interest changes can alter their values. Only the most
short-term Treasury bills (say, due overnight) can truly be considered risk-free —
virtually everything else suffers (interim) interest-rate change risk.

Im
p
o
rt
a
n
t Though “fixed income,” even Treasuries do not guarantee a “fixed rate of return” over horizons

shorter than their maturities. Day to day, long-term Treasury bonds are generally riskier investments
than short-term Treasury bills, because interest-rate changes have more impact on them.

Confession time: I have pulled two cheap tricks on you. First, in the real world,
For illustration, I have

ignored (a) volatility of

changes and (b) earned

interest.

what if short-term, economy-wide interest rates typically experienced yield shifts of
plus or minus 100 basis points, while long-term, economy-wide interest rates never
budged? If this were true, long-term bonds could even be safer than short-term bonds.
However, the empirical evidence suggests that day-to-day changes of both yields were
of similar magnitude — about plus or minus 3-7 basis points a day. Second, I ignored
that between today and tomorrow, you would also earn 1 day of interest. However,
this is a small amount for a 30-year bond. (For a 1-day bond, it is everything.)

Q 5.19. A ten-year and a 1-year zero-bond both offer an interest rate of 8% per
annum.

1. How does an increase of 1 basis point in the prevailing interest rate change the
value of the 1-year bond? (Use 5 decimals in your calculation.)

2. How does an increase of 1 basis point in the prevailing interest rate change the
value of the ten-year bond?

3. What is the ratio of the value change over the interest change? (In calculus,
this would be called the derivative of the value with respect to interest rate
changes.) Which derivative is larger?

A Tragic Error: “Paper Losses”?!

If you really need cash from a bond investment in 20 years, doesn’t a prevailing
“Only” a paper loss: A

cardinal error!interest rate increase cause only an interim paper loss? This is a capital logical error
many investors commit. Say that a 10-basis-point increase happened overnight, and
you had invested $1 million yesterday. You would have lost $30,000 of your net worth
in 1 day! Put differently, waiting 1 day would have saved you $30,000 or allowed
you to buy the same item for $30,000 less. “On paper” is actual wealth. Thinking
“paper losses” are any different from actual losses is a common but capital error.

ä Tax treatment of realized and
unrealized capital gains,

§ 11.4, Pg.298.

(The only exception to this rule is that realized gains and losses have different tax
implications than unrealized gains and losses.) Avoiding this conceptual mistake is
more important than learning any formulas in this book.



Ivo
We

lch
, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nfo

. I
vo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nfo

. I
vo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nfo

. I
vo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nfo

. I
vo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

W
elc
h,
Co
rp
or
ate

Fin
an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),

bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce
(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-w

elc
h.i
nf
o.
Ivo

We
lch

, C
or
po
ra
te
Fin

an
ce

(5
th
Ed
iti
on
; A
ug

20
22
),
bo
ok
.iv
o-
we
lch

.in
fo.

24 Chapter 5: Time-Varying Rates of Return and the Yield Curve
Im

p
o
rt
a
n
t

“Paper losses” are no less real than realized losses.

5.4 Corporate Term-Varying Costs of Capital

Now that you understand that the yield curve is usually upward-sloping for a good
Extend this insight to

corporations: Longer-term

projects, even if they are

not more likely to default,

often face a higher cost of

capital, and therefore

should have to deliver

higher returns.

reason, you should recognize the family resemblance: Corporate projects are offering
cash flows, just like Treasury bonds. Thus, it should not surprise you that longer-term
projects tend to have to offer higher rates of return than shorter-term projects. And
just because a longer-term project offers a higher expected rate of return does not
necessarily mean that it has a higher NPV. Conversely, just because shorter-term
borrowing allows firms to pay a lower expected rate of return does not necessarily
mean that this creates value. (Neither firms nor the U.S. Treasury rely exclusively
on short-term borrowing.) Paying a higher expected rate of return for longer-term
obligations is (usually) a fact of life.

Im
p
o
rt
a
n
t

Even in a perfect market without uncertainty:
• The appropriate cost of capital (rate of return) should usually depend on how long-term the

project is.
• The term structure is usually upward-sloping. Short-term corporate projects usually have

lower costs of capital than long-term projects.
• Conversely, corporations usually face lower costs of capital (expected rates of return offered

to creditors) if they borrow short term rather than long term.
The difference between long-term and short-term rates is called the Term Premium (sometimes
time premium..

Let me give you a short preview now. In Chapter 10, you will learn about the
Time-Varying Expected

Rates of Return vs. Time-

and Risk-Varying Expected

Rates of Return.

CAPM. The CAPM is perhaps the most common model used to discount future cash
flows in NPV applications today. It is a model that relates your project’s required
expected rate of return to its risk. In practice, the CAPM allows you to use higher
(risk-free) rates of return for cash flows farther in the future. Thus, the CAPM has
one term that is (more or less reflective of) the term-premium and one extra term for
a risk-premium. In this sense, it can be viewed as a generalization of the point of this
chapter that longer-term projects usually require higher (opportunity) costs of capital.
If the second term is zero, then all you have left is the term premium — which is
why I had to drag you through this chapter. You have to understand different rates
of return over different time horizons.

It turns out that the first term (the term premium) has worked much better than
Basic Usage and Reasonable

guesstimate.
the second (the risk premium). Thus, in real life, it is often more important for you
to understand this chapter than the CAPM chapter (except perhaps in job interviews,
where recruiters grill students routinely about their CAPM understanding). You
usually need to take care of the fact that you need to increase your cost-of-capital
estimate for longer-term cash flows.
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Alas, there is one second-order complication: the term-premium for corporate
Corporate cash flows may

have their own term

structure.

cash flows can be higher than the term-premium for Treasuries. However, the two
are often similar. That is, if a 20-year Treasury offers an expected rate of return that
is 2% higher than that of a 1-year Treasury, you can often guess that a corporate cash
flow in 20 years should offer an expected rate of return that is also (at least) about
2% higher than a corporate 1-year cash flow. Furthermore, if you need to estimate
the appropriate discount rate more accurately, it is not difficult to repeat everything
we did in this chapter but with a yield-curve based on risky bonds, such as high-yield
corporate bonds. All the concepts remain the same.

(The second-order corrections for risk within the term structure curve depend on
much deeper, more difficult, and harder-to-prove reasoning and will most likely gross
up or shade down the Treasury spread only by a little bit. But we have to move on.)

Summary

This chapter covered the following major points:
• Different horizon investments can offer differ-

ent rates of return. This phenomenon is often
called time-varying rates of return.

• The general formula for compounding works
just as well for time-varying rates of return as
it does for time-constant rates of return. You
only lose the ability to exponentiate (one plus
the 1-year rate of return) when you want to
compute multiyear rates of return.

• A holding rate of return can be annualized
for easier interpretation.

• The graph of annualized interest rates as a
function of maturity is called the “term struc-
ture of interest rates” or the “yield curve.”

• The yield curve is usually upward-sloping.
However, no law of finance is violated if it
is downward-sloping (inverted), humped, or
flat.

• Net present value also works just as well for
time-varying interest rates. You merely need
to use the appropriate rate of return as the
opportunity cost of capital in the denomina-
tor.

• An important side observation: “Paper losses”
are no different from real losses.

• Inflation is the process by which money will
buy fewer goods in the future than it does
today. If contracts are inflation-indexed in a

perfect market, inflation is irrelevant. This is
rarely the case.

• The relationship between nominal interest
rates, real interest rates, and inflation rates is
(1 + rnominal) = (1 + rreal) · (1 + infl.rate)

• Unlike nominal interest rates, real interest
rates can — and often have been — negative.

• In NPV, you can either discount real cash flows
with real interest rates, or discount nominal
cash flows with nominal interest rates. The
latter is usually more convenient.

• TIPS are Treasury bonds that protect against
future inflation. Short-term bond buyers are
also less exposed to inflation rate changes
than long-term bond buyers.

• Higher long-term interest rates could be due
either to expectations of higher future interest
rates or to extra required compensation for
investors willing to hold longer-term bonds.
The empirical evidence suggests that histori-
cally the latter has been the more important
factor.

• Corporations should realize that corporate
project cash flows need to be discounted with
specific costs of capital that may depend on
when the cash flows will come due. It is not
unusual that cash flows in the more distant
future require higher discount rates.
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Preview of the Chapter Appendix in the Companion

The web appendix to this chapter explains

• how you can translate the yield curve (in Table 5.3) step by step into forward
and total holding rates of return.

• how shorting works in the real world, and how you can lock in a future interest
rate today with clever bond transactions today.

• (again) how the “duration” of bonds helps you measure when you receive your
cash flows on average.

• continuous compounding, which is a different way of quoting interest rates.
• the fact that Treasury notes and bonds are not really zero bonds (as we pre-

tended in this chapter) but coupon bonds, and why this rarely matters in a
corporate context. True Treasury zero bonds are called STRIPS.

A Appendix: Why Does the Yield Curve Usually Slope Upward?

Aren’t you wondering why the yield curve is not usually flat? Take our example yield curve
But why? Why? Why? from December 2021. Why did the 30-year Treasury bonds pay 1.90% per year, while the

one-month Treasury bills paid only 0.06% per year? And why is the upward slope the most
common shape?

First, let’s look at the historical data. We cannot easily visualize the entire historical yield
Glance at historical yield

curves first.
curve in a two-dimensional graph, but we can plot the historical yields on the short-term
3-month Treasury and, say, the 20-year Treasury. Figure 5.4 shows that the spread between
them ranged from negative (though usually only briefly) to about 300 bps per year. (Humped
shapes are rare, so if the long-term rate is below the short-term rate, the yield curve is most
likely inverted.) The plot shows that inverted shapes occurred often just before a recession.
After the Great Recession of 2008-9, the Fed kept short-term rates close to zero, which resulted
in unusually large spreads to the long-term Treasury. Long-term rates were coming down
slowly, and eventually both met at around 3%. And then Covid hit! The Fed again pushed
short-term interest rates down to zero, and the long-term rate was behind it, more slowly
trailing down, too.

To understand these dynamics better, let’s work with a simpler two-year example. Let’s say
The two possible

explanations are (1) higher

future interest rates and/or

(2) compensation for risk.

that the yield curve tells you that the 1-year rate is r1 = 5% and the two-year rate is r2 = 10%.
You can work out that the 1-year forward rate is then r1,2 ≈ 15.24%. There are really only
two possible explanations:

1. The 1-year interest rate next year will be higher than the 5% that it is today. Indeed,
maybe next year’s 1-year interest rate will be the 15.24% that it would be in a perfect
world with perfect certainty. In equation form, is it the case that (1+r1,2)·(1+E(r2,3)) =
(1+ r1,3), so E(r2,3) = (1+ r1,3)/(1+ r1,2) – 1? (I am using “E” as an abbreviation for
“expected” — which you will learn about in the next chapter.)

2. Investors tend to earn higher rates of return holding long-term bonds than they do
holding short-term bonds. For example, if the yield curve were to remain at exactly the
same shape next year, then a $100 investment in consecutive 1-year bonds would give
you interest of only about $10.25, while the same investment in two-year bonds would
give you (on average) $21. Is E(r2,3) < (1 + r1,3)/(1 + r1,2) – 1?

In other words, the question is whether higher long-term interest rates today predict higher
interest rates in the future, or whether they offer extra compensation for investors willing to
hold longer-term bonds. Let’s consider two possible variants of each of these two possibilities.
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Figure 5.4: 3-Month and 20-year Treasury Yields, Plus Inflation. The blue line is the yield on
3-month Treasury bills; the black line is the yield on 20-year Treasury bonds. When the blue line was
at (above) the black line, the yield curve was flat (inverted). The gray line is the 12-month moving-average
annualized inflation rate calculated from percent changes in the CPI. NBER-assessed recessions are marked
at the top (and compressed at the bottom). The Covid recession was only 2 months, but very sharp. The
data comes from the Federal Reserve FRED database.

Does the Yield Curve Predict Higher Future Inflation?
In general, demand and supply do not mean that real rates of return need to be positive.

Real rates are often

negative.
Indeed, the real rate of return has often been negative, but the alternative of storing nominal
money under the mattress is even worse. Nevertheless, when inflation is higher, you would
typically expect investors to demand higher nominal rates of return. Their alternative is to
consume the money immediately, and more investors will do so as the inflation rate rises and
makes future cash less valuable in real terms.

Therefore, you would expect nominal interest rates to go up when inflation rate expecta-
When inflation was high,

investors (typically)

demanded higher interest

rates — though not as of

2021.

tions are going up. Similarly, you would usually (but not always) expect nominal rates to go
down when inflation rate expectations are going down. However, this also need not be the
case. For an extreme example, short-term inflation in late 2021 had shot up to 7% per annum
(primarily but not only due to the logistics mess caused by Covid), and yet nominal Treasury
interest rates remained under 2% for all maturities. The real rate of return was decidedly
negative — and more so for shorter maturities.

Therefore, our first potential explanation for an upward-sloping yield curve is that investors
Are higher (expected)

future inflation rates the

cause of higher future

interest rates?

believe that cash will be worth progressively less in the more distant future. That is, even
though you will be able to earn higher interest rates over the long run, you may also believe
that the inflation rate will increase from today’s rate. Because inflation erodes the value of
higher interest rates, interest rates should then be higher in the future just to compensate you
for the lesser value of money in the future. Of course, this argument would apply only to a
yield curve computed from Treasury debt that pays off in nominal terms. It should not apply
to any bond payoffs that are inflation-indexed.

https://fred.stlouisfed.org/series/DTB3
https://fred.stlouisfed.org/series/DGS20
https://fred.stlouisfed.org/series/CPIAUCSL
https://research.stlouisfed.org/fred2/
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28 Chapter 5: Time-Varying Rates of Return and the Yield Curve

Fortunately, since 1997 the Treasury has been selling bonds that are inflation-indexed.TIPS are inflation-indexed

Treasury bonds. They are

not affected by realized

inflation.

These bond contracts are written so that they pay out the promised interest rate plus the CPI
inflation rate. They are called Treasury Inflation Protected Securities (TIPS), or sometimes
just CPI bonds. By definition, they should not be affected by inflation in a perfect market.
If the nominal yield curve is upward-sloping because of higher future inflation rates, then a
TIPS-based real yield curve should not be upward-sloping.

Inflation-Neutral Bonds

As it turns out, inflation-adjusted bonds had already been invented once before. The world’s first
known inflation-indexed bonds were issued by the Commonwealth of Massachusetts in 1780 during the
Revolutionary War. These bonds were invented to deal with severe wartime inflation and discontent
among soldiers in the U.S. Army with the decline in the purchasing power of their pay. Although the bonds
were successful, the concept of indexed bonds was abandoned after the immediate extreme inflationary
environment had passed and was largely forgotten. In 1780, the bonds were viewed as an irregular
expedient, because there was no formulated economic theory to justify indexation.

Robert Shiller, “The Invention of Inflation-Indexed Bonds in Early America,” October 2003

Conveniently, the Treasury website also shows a TIPS-based yield curve. The annualized
Inflation-adjusted bond

prices suggest expectations

of inflation were not the

main driver of the

upward-sloping yield curve.

TIPS rates were

Maturity 5-year 7-year 10-year 20-year 30-year

TIPS Interest Rate –1.61% –1.31% –1.04% –0.63% –0.44%

Recall that for small figures, the difference between the nominal and the real rate is about
the inflation rate. The following is an excellent approximation:ä Inflation Adjusting,

Formula 5.2, Pg.12.

Maturity 5-year 7-year 10-year 20-year 30-year

Ordinary Treasury Bonds 1.26% 1.44% 1.52% 1.94% 1.90%
TIPS Interest Rate –1.61% –1.31% –1.04% –0.63% –0.44%

Implied Breakeven Inflation 2.87% 2.75% 2.56% 2.57% 2.34%

Without going into more details, the implied inflation rate contains not only an expectation
of future inflation but also a little bit of risk compensation, too, and more for longer-term
projects. So we have to be a little careful. It is better to view the implied inflation rate as an
upper bound, not as a pure inflation expectation estimate.

The markets did not expect the inflation rate to stay at the end-of-2021 rate of over 7% per
Markets expected inflation

to come down.
annum. Instead, they probably expected inflation over the next few years to return to around
2.5%. Comparing short-term vs long-term rates on both TIPS and nominal yields shows that
the TIPS slope was steeper (–1.17% vs. 0.64%). This is somewhat unusual compared to the
past. Thus, it is hard to tell whether inflation expectation could account for the entire nominal
yield-curve slope. Throughout most of history, they couldn’t. Here, in 2021, depending on the
risk-premium, they actually could.

Q 5.20. In December 2021, the inflation-adjusted 30-year Treasury bond offered a real yield
of about –0.44% per year. The equivalent non-inflation-adjusted bond offered 1.90% per year.
In what inflation scenario would you be better off buying one or the other? (The most recent
historical inflation rate was 6% per year.) Use the exact “one-plus” formula.

https://www.treasury.gov/resource-center/data-chart-center/interest-rates/Pages/TextView.aspx?data=realyieldYear&year=2021
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Does The Yield Curve Predict Higher Future Interest Rates?
A closely related possibility is that the yield curve is typically upward-sloping because short-term

Does a high forward

interest rate predict a high

future interest rate?

interest rates will be higher in the future. This is more generic than the previous explanation
— higher future interest rates need not be caused by higher future inflation expectations.
Maybe the 30-year yield of 1.90% was much higher than the 1-year yield of 0.39% because
investors expected the 1-year interest rate in 2051 to be even higher than 1.9% (the forward
rate, r29,30). (Recall that the 30-year yield is “sort of an average” of all 1-year interest rates.)
But this does not tell you why investors would expect interest rates to be so much higher in
2051 than in 2021 — maybe they expect that capital will be more scarce in the future and
investment opportunities will be better — but I can speculate for you about this even if I am
not sure about the reason.

Unfortunately, markets do not give us direct estimates of future interest rates the way they
Alas, the historical data

tells us “probably not much.”
gave us direct estimates of future inflation rates (from TIPS). Therefore, investigating this
hypothesis requires looking at many years of evidence to learn whether future interest rates
were well predicted by prevailing forward rates. The details are beyond our scope. However, I
can tell you the punchline: Expectations of higher future rates of return have historically not
been the reason why the yield curve was typically upward-sloping (except maybe at the very
short end of the yield curve, say, for interest rates that are for cash investments for less than 1
month).

Does The Yield Curve Identify Bargains?
If it is not the case that future interest rates are higher when forward rates are higher, it means

It must be either higher

future interest rates or

higher compensation for

long-term bond investors.

that we are dealing with the second possible reason: time horizons. On average, investors
must have earned more in long-term bonds than in rolled-over short-term bonds. The empirical
data confirms that you would have ended up historically with more money if you had bought
30-year bonds than if you had bought and rolled over one-month bonds every month for 30
years. So why were long-term bonds better investments than short-term bonds?

One reason why this may have been the case is the habitat theory: Different type of
Different investor habitat

and preferences?
investors may prefer only particular types of bonds, to the point that different-maturity bond
markets are segmented. Such individual preferences are called “habitats.” The fact that there
are habitats may well be true, but it is not so clear why long-term bond investors would then
be so scarce that they would require more compensation, while short-term bond investors
would be so abundant that bills could be sold for higher prices. And if this were the only
reason, then why would borrowers (like the U.S. Treasury) not always prefer to sell short-term
bonds for higher prices instead? And why would other investors not try to step in and get rich
(by “arbitraging” the difference)? This explanation does not seem very plausible.

Maybe the yield curve was upward-sloping because short-term investors were stupid. In
Free money? Not in a

perfect market.
this case, you might conclude that the 30-year bond offering 1.90% was a much better deal
than the 1-year bond offering 0.39%. Alas, investor stupidity seems just as unlikely a good
explanation. The market for Treasury bond investments is close to perfect in the sense that we
have used the definition. It is very competitive. If there were a great deal to be had, thousands
of traders would have immediately jumped on it. More likely, the interest rate differential does
not overthrow the old tried-and-true axiom, You get what you pay for. It is just a fact of life
that investments for which the payments are tied down to occur in 30 years must offer higher
interest rates now in order to entice investors — for some good reason yet to be identified by
a future finance trader or professor (you?).

We have not discussed imperfect market problems yet. However, beside the fact that
Taxes and Liquidity? No

way.
the Treasury market is the most highly competitive market in the world, I can’t even see
conceptually how they could matter. In particular, taxes cannot be the reason for why short-
term bills are higher priced (offer lower yields) than long-term bonds. This is because investors

https://en.wikipedia.org/wiki/Habitat
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in both short-term and long-term bonds have to pay the same tax rate. More money pre-
tax is also more money post-tax. Similarly, liquidity considerations cannot be responsible.
Consumption is not tied down to the maturity of the bond, because you can, of course, sell
your bond tomorrow to another investor if you so desire. Thus, short-term bonds do not offer
their owners more instant liquidity than long-term bonds.

Does It Compensate Investors For Risk?
If it isn’t market stupidity that allows you to earn more money in long-term bonds than inLong-term rates probably

tend to be higher than

short-term rates as a

compensation for risk.

rolled-over short-term bonds, then what else could it be? The empirical evidence suggests
that it is most likely the phenomenon explained in Section 5.3: Interim changes in prevailing

ä Bond Risk,
§ 5.3, Pg.22.

interest rates have much more impact on long-term bonds than they have on short-term bonds.
Recall that rolling over short-term bonds insulates you from the risk that interest rates will
change in the future. If you hold a one-day bond and interest rates double by tomorrow, you
can just purchase more bonds tomorrow that will offer you twice the interest rate. In contrast,
if you hold a long-term bond, you could lose your shirt if interest rates go up in the future.
With long-term bonds usually being riskier than short-term bonds, investors presumably would
want to buy them only if they get some extra rate of return for the extra risk. Otherwise, they
would prefer rolling short bonds. Thus, long-term bonds need to offer investors more return
on average than short-term bonds.
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Answers

AQ 5.1 r0,2 = (1+r0,1) ·(1+r1,2)–1 = 1.02 ·1.03–1 =
5.06%

AQ 5.2 Solve (1 + x) · (1 + 22%) = (1 – 50%), so the
project had a rate of return of –59.00%.

AQ 5.3 The first three-year compounded rate of return
on the S&P 500 fund was r2016,2018 ≈ (1 + 0.119) · (1 +
0.218) · (1 – 0.044) – 1 ≈ +30.3%. (The notation is
a bit ambiguous when month and day are omitted, be-
cause the first return is from the end of 2015 to the end of
2018. This kind of ambiguity is surprisingly common.)
The second three-year rate was r2019,2021 ≈ +100.7%.
The full six-year compounded rate of return was thus
r2016,2021 ≈ (1 + 0.303) · (1 + 1.007) – 1 ≈ +161.5%.
Although these were all fat years for stock investors, the
realized rate was indeed time-varying. The latter years were
fatter. (In later chapters, we will discuss the expected rate of
return. It is not so clear whether that one was time-varying,
too.))

AQ 5.4 The returns were (–33%,+50%, –67%,+100%).
Thus the average rate was 12.5% and the overall rate of
return was –33.33%. It is true that the compound rate of
return is always less than the average rate of return. The
example shows that the two can differ in sign.

AQ 5.5 1.0512/4 – 1 ≈ 15.76%
AQ 5.6 The annualized rate of return is

√
1.4 – 1 ≈

18.32%. It is therefore lower than the 20% average rate of
return.

AQ 5.7 The compounded rate of return is always higher
than the sum, because you earn interest on interest. The
annualized rate of return is lower than the average rate
of return, again because you earn interest on the inter-
est. For example, an investment of $100 that turns into an
investment of $200 in two years has a total holding rate
of return of 100% — which is an average rate of return
of 100%/2 = 50% and an annualized rate of return of√
(1 + 100%) – 1 ≈ 41.42%. Investing $100 at 41% per

annum would yield $200, which is lower than 50% per
annum.

AQ 5.8 Recall that the six-year holding rate of return
for the VFIAX (S&P 500) was 161.5%. Thus, the annualized
rate of return was r6 = 6√1 + 161.5% – 1 ≈ 17.4%.

AQ 5.9 r0,5 = 50% (1 + r5)
5 = 1.50 =⇒ r5 =

1.50 1
/
5 – 1 ≈ 8.45%.

AQ 5.10 The annualized five-year rate of return is the
same 10%.

AQ 5.11 This project is worth

–$200 +
$100
1.03

+
$300
1.042

+
$500
1.0453

≈ $612.60

AQ 5.12 The CPI is the average price change to the con-
sumer for a specific basket of goods. The PPI — which was
not discussed in the book but to be looked up on the web —
measures the price that producers are paying. Taxes, distri-
bution costs, government subsidies, and basket composition
drive a wedge between these two inflation measures.

AQ 5.13 (1 + rnominal) = (1 + rreal) · (1 + c)

AQ 5.14 1.20/1.05 ≈ 1.1429. The real interest rate is
14.29%.

AQ 5.15 The nominal interest rate is 1.03 · 1.08 –
1 = 11.24%. Therefore, the cash flow is worth about
$500,000/1.1124 ≈ $449,479.

AQ 5.16 Bills, notes, and bonds. T-bills have maturities
of less than 1 year. T-notes have maturities from 1 to 10
years. T-bonds have maturities greater than 10 years.

AQ 5.17 Yes. The answers are right in the table. The
three-year rate of return is 1.00973 – 1 ≈ 2.94%. The
forward rate is 1.0294/(1.0039 · 1.0107) – 1 ≈ 1.46%.

AQ 5.18 r0,5 = 1.01265 – 1 ≈ 6.46%. Therefore,
1+r3,5 = 1.01265/1.00973 –1 ≈ 3.42%. This is a two-year
forward holding rate of return. Thus, it is 1.03421/2 – 1 ≈
1.70% in annualized terms.

AQ 5.19 (1) For the 1-year bond, the value of a
$100 bond changes from $100/1.0800 ≈ $92.59259 to
$100/1.0801 ≈ $92.58402. This is about a –0.009%
change. (2) For the ten-year bond, the value of a
$100 bond changes from $100/1.0810 ≈ $46.31935 to
$100/1.080110 ≈ $46.27648. This is a –0.09% change —
ten times that of the 1-year bond. (3) The derivative of the
1-year bond is –0.009/0.01 = –0.9 ≈ –1. The derivative of
the ten-year bond is –0.09/0.01 ≈ –9. The derivative of the
ten-year bond is about nine times more negative.

AQ 5.20 If the inflation rate will increase to more than
(1 + 1.90%)/(1 + (–0.44%)) – 1 ≈ 2.35% per year, the
inflation-adjusted bond will pay off more. Otherwise, the
non-inflation adjusted nominal bond will be better.

https://finance.yahoo.com/quote/%5EGSPC/
https://investor.vanguard.com/mutual-funds/profile/performance/vfiax/cumulative-returns
https://finance.yahoo.com/quote/%5EGSPC/
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End of Chapter Problems

Q 5.21. Are you better off if a project first returns
–10% followed by +30%, or if it first returns +30%
followed by –10%?

Q 5.22. Compare two stocks. Both have earned
8% per year on average. However, stock A has oscil-
lated between 6% and 10%. Stock B has oscillated
between 3% and 13%. (For simplicity, say that they
alternated.) If you had bought $500 in each stock,
how much would you have had 10 years later?

Q 5.23. Stock STRANGE always alternated be-
tween +20% and –10% in the past. Stock RISK-
FREE always earned 4.5% per annum.

1. What was the average rate of return for
stock STRANGE?

2. What was the average rate of return for
stock RISKFREE?

3. On a 1-year basis, would a risk-neutral in-
vestor prefer +20% or –10% with equal prob-
ability, or 4.5% for sure?

4. How much would each dollar invested 10
years ago in stock A have earned?

5. How much would each dollar invested 10
years ago in stock B have earned?

6. What is going on here?

Q 5.24. Return to Question 5.3. What was the
annualized geometric rate of return, and what was
the average rate of return on the VFIAX (S&P 500)?
Would stock brokers prefer to tell their clients about
the former or the latter?

Q 5.25. If the annualized five-year rate of return
is 10%, what is the total five-year holding rate of
return?

Q 5.26. If the annualized five-year rate of return
is 10%, and if the first year’s rate of return is 15%,
and if the returns in all other years are equal, what
are they?

Q 5.27. On June 23, 2016, the Brits surprised the
world by voting to exit the European Union (52-
48). How did this matter to investors holding U.S.
stocks? The following were the stock-market clos-
ing index values. (Trading volume on June 24 was
three times as much as it was on an ordinary day.)

2016 Jun 23 Jun 24

UK FTSE 6,338.10 6,138.70
US S&P 500 2,113.32 2,037.41
German Dax 10,257.03 9,557.16

If returns were to accumulate at the same rate as
they did over this day (which they would not!), then
what would a $100 investment turn into over the
span of an entire year? (This calculation only gives
you a basic idea about the [annualized] magnitude
of the move.)

Q 5.28. Suppose the annual interest rate from
year t to year t + 1 is rt,t+1 = 5% + 0.3% · t
(e.g., the rate of return from year 5 to year 6 is
5%+ 0.3% · 5 = 6.5%).

1. What is the holding rate of return of a ten-year
investment today?

2. What is the annualized interest rate of this
investment?

Q 5.29. A project has cash flows of +$100 (now
at time 0), and –$100, +$100, and –$100 at the
end of consecutive years. The interest rate is 6%
per annum.

1. What is the project’s NPV?
2. How does the value change if all cash flows

will occur one year later?
3. Repeat these two questions, but assume that

the 1-year (annualized) interest rate is 5%,
the two-year is 6%, the three-year is 7%, the
four-year is 8%, and so on.

Q 5.30. What is the current inflation rate? Look it
up on a financial website.

https://investor.vanguard.com/mutual-funds/profile/performance/vfiax/cumulative-returns
https://finance.yahoo.com/quote/%5EGSPC/
https://finance.yahoo.com/quote/%5EGSPC/
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Q 5.31. What is the annualized current nominal
interest rate on 30-day U.S. Treasury bills? Look it
up on a financial website.

Q 5.32. Using the information from Questions 5.30
and 5.31, compute the annualized current real in-
terest rate on 30-day Treasuries.

Q 5.33. If the nominal interest rate is 7% per year
and the inflation rate is 2% per year, what is the
exact real rate of return?

Q 5.34. The inflation rate is 1.5% per year. The
real rate of return is 2.0% per year. A perpetuity
project that paid $100 this year will provide income
that grows by the inflation rate. Show what this
project is truly worth. Do this in both nominal and
real terms.

Q 5.35. If the annualized rate of return on insured
tax-exempt municipal bonds will be 3% per annum
and the inflation rate remains at 2% per annum,
then what will be their real rate of return over 30
years?

Q 5.36. If the real interest rate is –1% per annum
and the inflation rate is 3% per annum, then what is
the present value of a $1,000,000 nominal payment
next year?

Q 5.37. Inflation is 2% per year; the interest rate
is 8% per year. Your perpetuity project has cash
flows that grow at 1% faster than inflation forever,
starting with $20 next year.

1. What is the real interest rate, both accurate
(the “1+” version) and approximate (the sub-
traction version)?

2. What is the correct project PV?
3. What would you get if you grew a perpetuity

project of $20 by the real growth rate of 1%,
and then discounted it at the nominal cost of
capital?

4. What would you get if you grew a perpetuity
project of $20 by the nominal growth rate of
3%, and then discounted it at the real cost of
capital?

Performing either of the latter two calculations is
not an uncommon mistake in practice.

Q 5.38. You must value a perpetual lease. It will
cost $100,000 each year in real terms — that is,
its proceeds will not grow in real terms, but just
contractually keep pace with inflation. The prevail-
ing interest rate is 8% per year, and the inflation
rate is 2% per year forever. The first cash flow of
your project next year is $100,000 quoted in today’s
real dollars. What is the PV of the project? (Warn-
ing: Watch the timing and amount of your first
payment.)

Q 5.39. If the real rate of return has been about
1% per month for long-term bonds, what would be
the value of an investment that costs $100 today
and returned $200 in 10 years?

Q 5.40. At your own personal bank, what is the
prevailing savings account interest rate?

Q 5.41. Look up today’s yield curve on a financial
website. What is the 1-year rate of return on a risk-
free Treasury? What is the ten-year rate of return
on a risk-free Treasury? What is the 30-year rate of
return on a risk-free Treasury?

Q 5.42. The 1-year forward interest rates are

Y1 Y2 Y3 Y4 Y5 Y6

3% 4% 5% 6% 6% 6%

Y7 Y8 Y9 Y10 Y11 Y12

7% 7% 7% 6% 5% 4%

1. Compute the 12 n-year compounded holding
rates of return from now to year n.

2. Compute the 12 annualized rates of return.

3. Draw the yield curve.

4. Is there anything wrong in this example?
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34 Chapter 5: Time-Varying Rates of Return and the Yield Curve

Q 5.43. The annualized interest rates are

Y1 Y2 Y3 Y4 Y5 Y6

3% 4% 5% 6% 6% 6%

Y7 Y8 Y9 Y10 Y11 Y12

7% 7% 7% 6% 5% 4%

1. Draw the yield curve.

2. Compute the 12 n-year compounded holding
rates of return from now to year n.

3. Compute the 12 1-year forward rates of re-
turn.

4. Is there anything wrong in this example?

Q 5.44. At today’s prevailing Treasury rates, how
much money would you receive from an investment
of $100 in 1 year, 10 years, and 30 years? What
are their annualized rates of return? What are their
total holding rates of return?

Q 5.45. Do long-term bonds pay more than short-
term bonds because you only get money after a long
time — money that you might need earlier?

Q 5.46. Look up this week’s interest rate on or-
dinary T-bonds and on TIPS. What is the implied
inflation rate at various time horizons?

Q 5.47. A five-year, zero-coupon bond offers an
interest rate of 8% per annum.

1. How does a 1-basis-point increase in the pre-
vailing interest rate change the value of this
bond in relative terms?

2. What is the ratio of the relative bond value
change over the interest change? (This is the
derivative of the value with respect to interest
rate changes.)

3. How does the derivative of wealth with re-
spect to the interest rate vary with the length
of the bond?

Q 5.48. The yield curve is usually upward-sloping.
Assess whether this means that the following state-
ments are true or false:

1. Investors earn a higher annualized rate of re-
turn from long-term T-bonds than short-term
T-bills.

2. Long-term T-bonds are better investments
than short-term T-bills.

3. Investors are expecting higher inflation in the
future than they are today.

4. Investors who are willing to take the risk of
investing in long-term bonds on average earn
a higher rate of return because they are tak-
ing more risk (that in the interim bond prices
fall / interest rates rise).

Q 5.49. Evaluate and Discuss: Does the evidence
suggest that long-term bonds tend to earn higher
average rates of return than short-term bonds? If
yes, why is this the case? If no, why is this not
possible?
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